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Inference combining a physics model with experimental data
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Basic formulation — borrows from Kennedy and O'Hagan (2001)
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x experimental conditions
v calibration parameters
C(x)  true physical system response given inputs x
n(xz,d) simulator response at z and 6.
y(x)  experimental observation of the physical system
d(x)  discrepancy between ((x) and n(z, )

may be decomposed into numerical error and bias
observation error of the experimental data

y(x) = ((x) +e(z)
y(x) = n(z,0) +d(z) + e(z)
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A Bayesian approach for combining simulations and experimental
data for forecasting, calibration and uncertainty quantification

prior uncertainty

posterior uncertainty

y(x), Nn(x,0)
y(x), n(x,0)

e A simple example...

x model or system inputs
0 model calibration parameters
C(x)  true physical system response given inputs x

< 3

x experimental observation of the physical system
x observation error of the experimental data

y(r) = ¢lz) + e(z)
= 1(x,0) + e(z)
Standard Bayesian estimation gives: 7(0|y(x)) o< L(y(x)|n(x,0)) x w(0)

(
(x,0) simulator response at z and 6.
(
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Assume: 6 unknown.



y(x), n(x.8)

prior uncertainty

Accounting for limited simulator runs

e Borrows from Kennedy and O'Hagan (2001).

y
((x)
n(z,0)
=
o 1y

model or system inputs

calibration parameters

true physical system response given inputs x
simulator response at x and 6.

simulator run at limited input settings
n=(n],07),...,0(xp, 0,))"

treat 7)(-,-) as a random function

use GP prior for n(-, )

experimental observation of the physical system
observation error of the experimental data

y(x) = C(x) +elz)
y() = nlx,0) +efz)



Accounting for limited simulation runs

prior uncertainty posterior realizations of n(x,t)

posterior uncertainty
3 ]

y(x), n(x,8)
n(x.t)

y(x), n(x,8)

Again, standard Bayesian estimation gives:

m(0,n(-,)|y(z)) oc L{y(z)|n(x,0)) x
m(0) x m(n(,-))

e Posterior means and quantiles shown.

e Uncertainty in 6 and 7(x, ) are incorporated into the forecast.
e Gaussian process models for 7(-, -).



y(x), n(x,0)

Accounting for model discrepancy

prior uncertainty

e Borrows from Kennedy and O’Hagan (2001).
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model or system inputs

model or system inputs

true physical system response given inputs x
simulator response at x and 6.

experimental observation of the physical system
discrepancy between ((x) and n(z, 0)

may be decomposed into numerical error and bias
observation error of the experimental data

y(z) = ((z) +e(z)
y(z) = n(z,0) +d(x) + e(x)
y(x) = n(z,0) + 6,(x) + d(z) + e(x)



y(x), n(x.8)

5(x)

prior uncertainty

y(x), n(x,6)

y(X)

Accounting for model discrepancy

posterior model uncertainty
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calibrated forecast

Again, standard Bayesian estimation gives:

(6,00, 0|y(x)) o< L(y(x)|n(x,0),6(x)) X
7(0) x w(n) X 7(9)

e Posterior means and 90% Cl's shown.

e Posterior prediction for ((x) is obtained
by computing the posterior distribution for
n(z, ) +0(x)

e Uncertainty in 6, n(z,t), and d(x) are in-
corporated into the forecast.

e Gaussian process models for n(x,t) and

0(x)



Application: implosions of steel cylinders — Neddermeyer '43

Fig. 15. xp. 3¢ 4" OD, 17 wall, B" long
: e, 1" thick, 75" long

EPe dhi 4 ﬂlh f T-Tﬂll- E-"ll-
i) 17 %
nearing ruptiyp 25 & ;,_ inea phore dotonation waves moet.
e Initial work on implosion for fat man.

e Use high explosive (HE) to crush steel cylindrical shells

e |nvestigate the feasability of a controlled implosion



Some History

Early work on cylinders called “beer can experi-
ments.”

e Early work not encouraging:
“...I question Dr. Neddermeyer's serious-

ness...” — Deke Parsons.
“It stinks.” — R. Feynman

Teller and VonNeumann were quite sup-
portive of the implosion idea

Data on collapsing cylinder from high speed pho-
tography.

Symmetrical implosion eventually accomplished
using HE lenses by Kistiakowsky.

Implosion played a key role in early computer ex-
periments.

Feynman worked on implosion calculations with
IBM accounting machines.

Eventually first computer with addressable mem-
ory was developed (MANIAC 1).



The Experiments
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Neddermeyer's Model

01234 X10°%s |Qud234X10°%s | OQuke234X10°%s

QO 0 0 O O

Oude? 34 X10°s | Oudwe3 4 X10°s | Oudw2ed 4 X10°s | Oudw2wde4 X10°s | Oudwlwdud X 10 °s

cm

Energy from HE imparts an initial inward velocity to the cylinder

Me 2U

S 1+ me/m

mass ratio m./m of HE to steel; u( energy per unit mass from HE.

Energy converts to work done on the cylinder:
S

2p(1 —
r; = scaled inner radius; r, = scaled outer radius; A = initial r;/r,; s = steel
yielding stress; p = density of steel.

work per unit mass = w = N {7"22 logr? — r2logr? 4 \*log )\2}



cm

Neddermeyer's Model

O

021 234X10°%s | 0wl 234X10°s | Quka234X107°s

0000

Oude? 34 X107%s | Oud2e3 4 X10°s | Oudu2ed 4 X107°s | Oudw2udsd X 107°s | Opdmudud X 107° s

DO —

g S e

inner radius of cylinder — varies with time
initial outer radius of cylinder

r? rP4+1— )\
1_)\2111 r2

1 =A)rPnr? = (rP+ 1= X)) In(r" +1 =A%) = A’ In X’
initial ratio of cylinder r(t = 0)/R;

constant volume condition: 2. — 72 =1 — )\?

outer



Goal: use experimental data to calibrate s and w; obtain
prediction uncertainty for new experiment

expt 1
t=10 us
expt 3
t=25us
expt 2
t=45 s
-2 0 2 -2 0 2 -2 0 2
me/m = .32 me/m = 17 me/m == .36

Hypothetical data obtained from photos at different times during the 3 exper-
imental implosions. All cylinders had a 1.5in outer and a 1.0in inner radius.

(A =3)



Carry out simulated implosions using Neddermeyer's model

Sequence of runs carried at m input settings (x*, 07, 05) = (m./m, s, uy) varying
Ty O O
over predefined ranges using an OA(32, 4°)-based LH design. P

2.5

N
2l

N

=
3

inner radius (cm)
=

inner radius (cm)

0.5

051

5 0

! ! ! ! ! ! ! \ I I
0 0.5 1 15 2 2.5 3 3.5 4 4.5

i angle (radians)
time (s) x 107 time (s)

radius by time radius by time and angle ¢.

Each simulation produces a n, = 22 - 26 vector of radii for 22 times x 26
angles.



Generating OA-based LH designs

Example: N = 16, 3 factors each at 4 levels
OA(16, 4%) design

04 06 08 1.0
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induced LH design

00 02 04 06 08 1.0

| | | | | |
—— o - -------- ] [F------7 - - - - -}
| oo ! | 1 [ [ [
| | | | ol I' o 1 | | |
| | | Q i o | | 1S
|'°"'|"'|o"'|"'| I___o_l___l___l_o_l
| | o | | | o | i
| | \ o | 1o ! | |
X 1 r~—%p """~~~ [reg-T17 "1~~~ ~- -
- ) 1 1 1 1 ol | 1
1 1 o 1 1 Q |
------------ Q-] |F==t4=-=-a--=-1---9
° ° | ° 1° B
ol | o ! |
Lo d o d oo ) © - —d o d -
_______________ > == ————-—-=-—=
[ [ | [ [ |
e I e I o . | | | | )
| | | 10 | [
[ e E R [~ e R |
e ' o ' @ ° | | | °|°
| | | o! | 4
F=-T-~-a-~-=1=- " X 2 Fr-="T1- "7 ~ 71~~~
| | - | | | | o1
LI I . X o
--------------- A I R T |
| , ©
° ° ° . <}
| T | )
T e P | I I I [ [ P
THE T Y I P A B
e I e I o . e I e I o .
| | | | -
[ e E R [ e E R
e ' e ' o . e ' e ' o . -
| | | |
F=-T-~-a-~-=1=- " F=-T-~-a-~-=1=- " X 3
. : . : . ) ) : . : . . -
------------------------------ |
. o o . . o | o .
______________________________ -
T T T T T T T T T T T T
00 02 04 06 08 10 00 02 04 06 08 10

Ensures some higher dimensional filling relative to standard LH designs.
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Generating (nearly) OA-based LH designs
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PC representation of simulation output

== |m;- - ;Mm) — a ny X m matrix that holds output of m simulations
SVD decomposition: = = UDV’
K, is 1st p, columns of [#UD] — columns of [\/mV™?] have variance 1

Cylinder example:

PC 1 (92.4% of variation) PC 2 (5.9% of variation) PC 3 (0.7% of variation)

. 5 . 5 _ 5
time angle time angle time angle

pp, =3 PC's: K, = [k1; ko; k3| — each vector k; holds trace of PC .

k;'s do not change with ¢ — from symmetry of Neddermeyer's model.

. % ()% * x ()% * y uid —
Simulated trace n(z}, 6}, 0);) = Kyw(x}, 071, 0%) +€;, €'s ~ N(0, X, 1), for any
set of tried simulation inputs (x, 87, 0%).



Gaussian process models for PC weights
Want to evaluate n(z, 61, 65) at arbitrary input setting (x, 01, 65).
Also want analysis to account for uncertainty here.

Approach: model each PC weight as a Gaussian process:

wl-(a;, (917 92) ~ GP(Oa A;}R((SE, H)a (':C/: 9/>7 pwz>>

where )
T 4 —4(0 9’
R{(w,0), («',0'): pui) = [ [ o™~ Hpm
k=1
ry O 01
Restricting to the design settings | : 5 and specifying
xr 0, 0,
W; = (’LUZ(ZCT, Tl: 12)7 - (ZIZ 9m17 m2>>T
gives

w; & N (0, A\, R((2%,0); pui)) s i=1,...,p,

where R((x*, 0%); pwi)mxm is given by (1).

*note: additional nugget term w; YN (0, X, TR((2%,0%); pui) + A;llm) , t=1,...,p,, may be useful.

) twn



Gaussian process models for PC weights

At the m simulation input settings the mp,-vector w has prior disribution

w1 0 A AR((x*,0%); pu1) 0 0
w = : ~ N 2 I 0 - 0
Wy, 0 0 0 )\wan((x*, 0%); Pup,)

= w~ N(0,%,);
note ¥, = I, ® A, R((z*,6%); p,) can break down.

Emulator likelihood: n = vec([n(x7, 07y, 075); - -+ sm(axk,, 0% 1, 0% 5)])

mlyYm2
%
L(njw, Ay) oc Ay? exp { =3\ (n = Kw)' (n — Kw)}, A, ~ T(ay, by)
where n,, is the number of observations in a simulated trace and

Equivalently K =Ly @ky; - i In @ Ky, |-

mpy X X
L(n|w, A\,) o< A\y* exp {—%)\n(w — w)T(KTK)(w — w)} X
m(nn Pn)

An 7 exp{-IA\n'(I - K(K"K)"'K")n}
)\ exp {—h(w — W) (KT K)(w — W), Ay~ [(ay, b))

al = ay+20) o p T (1 — K(KTK) 'Ky, o = (KTK) KTy,



Gaussian process models for PC weights

Resulting posterior can then be based on computed PC weights w:

wlw, A\, ~ N(w,(\K'K)™)
w|>‘w>;0w ~ N(O>Zw>
= WAy, Aws P ~ N(O, (N K'K)™' +35,)

Resulting posterior is then:

770‘?7: Aws P

W) o \(A KTK)—1+2} eXp{ LWl (VKK + 3,) o} x

_b/ )\’)7 >< H Aa:w ]_ — ’lUZ X

MCMC via Metropolis B
Bounded range of p,;;'s facilitates MCMC.

2 works fine here.



Posterior distribution of py,

0.8
O 0.6} +
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0.2t * | |
1 2 3
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[x 6]

Separate models by PC

More opportunity to take advantage of effect sparsity



Predicting simulator output at untried (z*, 07, 65)
Want n(z*, 07, 05) = Kw(z*, 07, 05)

For a given draw (\,, Ay, pyy) @ draw of w* can be produced:

()5 (1) ]

(Vi Vig (M KTK)TE 0
Yo (‘/21 V22) B K 0 0 + Lt (Aws pu)

W ~ N (Vo VT, Vag — Vo Vi Vo)

Define

Then

Realizations can be generated from sample of MCMC output.

AN AN

Lots of info (data?) makes conditioning on point estimate (A, Ay, py) @ good
approximation to the posterior.

AN

Posterior mean or median work well for (A, Ay, pu)



Exploring sensitivity of simulator output to model inputs

Simulator predictions varing 1 input, holding others at nominal




Basic formulation — borrows from Kennedy and O'Hagan (2001)

Experiment 1

2 \ks‘tsx\ NS ‘\;\;“t\
S RRRIRNN
ol IR e
L3 =
o2 e 0 (t,¢) simulation output space
time ¢ x experimental conditions
0 calibration parameters

(x)  true physical system response given conditions x
(x,6) simulator response at x and 6.

y(x)  experimental observation of the physical system
d(x)  discrepancy between ((x) and n(z,0)

may be decomposed into numerical error and bias
“““f‘f?“:\f;‘j e(xr)  observation error of the experimental data

2 RN RGO
T oI
1] RN
- AN JR—
o ; y(z) = ((z) +e(w)

8

L 0 y(x) = n(x,0) + d(x) + e(x)

x 10 4 5



Kernel basis representation for spatial processes d(s)
Define p; basis functions d;(s), ..., d,(s).

— - \ I~
1/ ; i
¢ — 0 —_—
I I
-2

Here d;(s) is normal density cetered at spatial location w;:

i(s) = = exp{—5(s =)}

0.8

basis
04
|

0.0
I

Ps
set 0(s) = Z d;(s)v; where v ~ N(0, A\, ' I,,.).
j=1

Can represent 6 = (0(s1),...,0(s,))! as § = Dv where
Dij = dj(si)



v and d(s) determine spatial processes d(s)

dj(s)v; 0(s)
LO Lo
o o
{%) N — o
3 AN ¥ w0 _
2 o o
Ln Lo
T S -
[ [ [ [ [ [ [ [ [ [ [ [ [ [ [ [
2 0 2 4 6 8 10 12 2 0 2 4 6 8 10 12
S S

Continuous representation:

Ps
d(s) = Z d;(s)v; where v ~ N (0, A1)
=1

Discrete representation: For & = (d(s1),...,d(s,))", & = Dv where D;; =
dj(si)



Basis representation of discrepancy

angle @

time

Represent discrepancy 6(x) using basis functions and weights
ps = 24 basis functions over (¢, ¢); D = [dy;- -+ ;dy,]; di's hold basis.
§(z) = Duv(z) where v(z) ~ GP (0, A, '1,, ® R(z,2"; p,))
with .
R(z,a'p) = [[ o (2)
k=1



Integrated model formulation
Data y(x1), .

y(z;) =

,y(x,,) collected for n experiments at input conditions z1, . .., x,

n(x;, 0) + d(z;) + e

Each y(x;) is a collection of n, measurements over points indexed by (¢, ¢)
— KZ”LU(.QJZ, 8) + Dz’l}(ﬂj@) + €;
y(wi)|w(w, 0), v(xi), Ay ~ N | [Dy; K]

v(z;) N1

w(x;, 0) (A W)

Since support of each y(x;) varies and doesn't match that of sims, the basis

vectors in /{; must be interpolated from [ ,; similary, DD; must be computed
from the support of y(x;):
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*note: cubic spline interpolation over (time, ¢) used here.



Integrated model formulation
Define

n, = N, +---+n,,, the total number of experimental data points,

y to be the n,-vector from concatination of the y(z;)’s,
v = vec([v(z1); -+ ;v(z,)]") and
u(0) = vec([w(xy, 01, 05); -+ ;w(x,, 01, 09)]")
v _
ylv,u(0), Ay ~ N (B (u(@)) ,(AyWy) 1) , Ay ~ I(ay, by)
where

W, = diag(W1, ..., W,) and

| Pr 0
B:dlag<D17"'7Dn7K17"‘7Kn> 0 PT
K

Pp and Py are permutation matricies whose rows are given by:

Pp(j+n(i—1);-) = e ppo i =105 j=1,...,m

Pr(j+n(i—1);-) = 66—1)2977“’ i=1,...,pp 7=1...,n



Integrated model formulation (continued)

Equivalently (3) can be represented
v v v T —1 /AN
1)~ () o). i

n, = Ny +---+mn,, thetotal number of experimental data points

(?) — (B"W,B)"'BTW,y

with

a, = ay+ 3lny —n(ps +py)]

-2 () w (-2 ()]

b/ — by —l_ -
dimension reduction

>

2

model simulator data and discrep

standard | n, - m ny
basis| p, - m n - (ps+ py)

Basis approach particularly efficient when n, and n, are large.



Marginal likelihood

The (marginal) likelihood L(0, @, W[\, Aw, puws Ay, Aus Pu, @) has the form
U 0 A-1 0 >, 00
w | ~N 0], y o0 +10 S
W 0 00 /\;1 o
where
Ay — )\yBTWyB
Ay = )\HKTK
> — )\U_llpn ® R(x,x; py)
R(x,x;p,) = n X n correlation matrix from applying (2) to the conditions
x1,..., T, corresponding the the n experiments.
Zuw —
(AHR((%@),(ZE,Q);pwl) 0 0 Aot R((,0), (2*,0%); pur) 0 0 \
0 0 0 0
0 0 Aop R((2,0), (x,0); pup,) 0 0 Ay, R((x,0), (z%,6); pup,)
Aot R((27,0%), (2,0); pur) 0 0 Aot R((2*,6%), (2*,6%); pun) 0 0
\ 0 0 0 0 )
0 0 Aph R((2*,60%), (x,0); pup,) 0 0 Agh R((x*,07), (2°,0%); puy,)

Permutation of ., is block diagonal = can speed up computations.

Only off diagonal blocks of X, depend on 6.



Posterior distribution
Likelihood: L(0, U, w|\;, Aw, pu, Ays Avs P, 6)

Prior: 7-‘-()\777 )\wa Puw; )\ya )\Ua Pv; 9)

= Posterior:
7T<)\?77 )\wy IOUM )\ya )\127 /01)7 9

AN N

IA}?ZAL,UAJ) X L( ) 7w|>\na)‘wapwa)\y7>\v7pvae> X
W(Ana)\wapwa)‘ya)\vapva‘%

Posterior exploration via MCMC
Can take advantage of structure and sparcity to speed up sampling.

A useful approximation to speed up posterior evaluation:
ﬂ-()\n? >\w7 pwa >\y7 )‘Uv /0?)7 9‘@7 a7 ’UA})
X L<w‘)\777 )\wa pw) X 7T<)\777 )\wv pw> X
L(0,u A Awy Pws Ays Ay Py 0) x 7T<)\ya Avs Pu, 0)

In this approximation, experimental data is not used to inform about parameters
Ap Aw, Puw Which govern the simulator process 7(z, ).




Posterior distribution of model parameters (61, 65)




Posterior mean decomposition for each experiment

Experiment 1 Experiment 2 Experiment 3
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Posterior prediction for implosion in each experiment

Experiment 1 Experiment 2 Experiment 3
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90% prediction intervals for implosions at exposure times

Experiment 1 Experiment 2 Experiment 3
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Predictions from separate analyses which hold data from the experiment being predicted.



Quantifying uncertainty for simulation-based forecasts

e Simulation-based predictions accumulate uncertainty due to:

parameter /calibration uncertainty;
simulator discrepancy/inadequacy;
observation error in data;
sparseness in data
e Limits on dimensionality? Have dealt with up to 20-dimensional 6.

e Statistics typically uses the wrong model (eg. a regression line) to explain
data. So the framework is nothing new, in principle.

e Calibrating a model with substantial inadequacy? only slight inadequacy?
e The slowness of the simulator and high dimensionality make things difficult.

e Extrapolation is often a goal in such investigations. Generally, the the closer
to reality the simulator is, the more it can be trusted for extrapolation. Can
this be more rigorously formalized?



Application: Ta Flyerplate Experiment

Visar Velocity Profile

High-Pressure

Hugoniot Stute\
Elasticity

Phose /

Tronsition ==

Cyclic Loading,
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Modulus "/'J
Hugoniof . :

- Post-Yield

—_
Ciit Flow Spall
T~ Elastic Strength
Modulus

TIME —»

e PTW model governs features on the visar velocity profile.

e Use pricipal components (EOF's) to deal with high dimensionality.



Simulations and Data
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PTW calibration parameters with input domains

Parameter Description Domain
Min Max
0o Initial strain hardening rate 0.00627 | 0.00973

Material constant in thermal activation
K energy term — relates to the temperature dependence | 0.39316 | 0.96899

Material constant in thermal activation
—log(7y) | energy term — relates to the strain rate dependence | 7.691 | 15.355

Yo Maximum vyield stress (at 0 K) 0.00689 | 0.01147
Yoo Minimum yield stress (~ melting) 0.00112 | 0.00182
S0 Maximum saturation stress (at 0 K) 0.00455 | 0.03061

Soo Minimum saturation stress (~ melting) 0.00281 | 0.00435




velocity (km/s)

PC representation of simulation output
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fit using p, = 5 — 75% of variation
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Marginal Posteriors for spatial correlation parameters py;; ;

PC1
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std. vel.

std. vel.

std. vel.

PC - based sensitivities

std. vel.

std. vel.
std. vel.




Discrepancy basis

stadardized A velocity
© © o o o o o
N w ~ (63} [e)} ~ oo

o
=

o

RS

2.5

=

time (u s)
Represent discrepancy 6(x) using basis functions and weights

Here d;(s) is normal density cetered at spatial location w;:
1 1

dy(s) = —=exp{—5(s — )’

Ps
set 0(s) = Z d;(s)v; where v ~ N(0, A\, ' I,,.).
j=1

Can represent § = (6(s1),...,d(s,))! as & = Dv where
Dij = dj(si)

ps = 10 basis functions over t.
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posterior distribution for PTW parameters
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posterior predictive distribution for trace
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posterior predictive distribution for trace (original scale)
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